Review of Radicals

The exponents in many engineering, science, business, and technology problems will occur as real numbers,
which need not be integers. When they occur as rational numbers we call them radicals. You have al-
ready encountered some, like square roots, (exponent %), cube roots, (exponent %), in general as nth roots,
(exponent +). The following are a few examples of problemms that will generate radicals:

e Determining the distance between two points.

Computing lengths of plane curves.

The accumulated value of an amount of money earning compound interest.

Finding geometric mean of numbers.

e Determining the mass of certain objects.

The formal definition of radicals is the following:
Let n be a positive integer bigger than 1, and a be a real number.

e If a =0, then ¢a=0.

e If @ is positive, then the nth root of a, denoted by aw or {/a, is the positive number that gives a
when it is raised to power n. More briefly, it is the positive number b such that 0™ = a.

Example 1

1. The 4th root of 81 is the positive number b such that b* = 81. You probably guessed that b = 3
since 3* = 8.

2. 105 or v/ 10, is the positive number b such that b° = 10. This time b is not an integer or a simple
rational number. We have to use a calculator to determine its approximate value. It gives the
valuel 58489 rounded to 5 decimal places.
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e If a is negative and n is odd, then ale, also written as {/a, is the negative number that gives b when it
is raised to power n. More precisely, it is the negative number b such that b" = a.

Example 2

1. /=32 is the negative number b such that b> = —32. This is easy to guess and it is —2.

2. Y/—-64=—-4
3. /=60 is the negative number b such that b" = —60. We need a calculator to give its approzimate
value. It gives the value —1.79482, rounded to 5 decimal place

e If a is negative and n is even, then {/a is not a real number. It is a complex number. For example,
v/ —16 is a complex number.

e If n = 2 then ¥a is written simply as /a and is called the principal square root of a, or simply the
square root of a.



Raising a Radical to a Power / Taking a Radical of a Power

Consider a radical a=. When we square it, (i.e. raise it to power 2), the result is

() = (o4) (=) 0

The rules of indices apply to radicals. When we apply them to (1) we get
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In general, if m is a positive integer then

Similarly,
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result of such a multiplication is

m
(a%) = (a%) (a]%) . (a%) = a%+%+"'+% = a%
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This is one interpretation of a» . In other words

m 1\™
o = (af) (2)
Another one is obtained by noting that {/a™ is the number that gives ™ when it is raised to power n. Since
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it follows that (a™ )" = aw ™%+ 7% = a™. In other words, when we raise a™ to power m the result is

a™. Therefore an = /a™

Example 3
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(2)(2) (2) = 8. Alternatively 42 = /43 = /64 = 8
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) = (5) (5) = 25. Alternatively 1253 = /1252 = /15625 = 25.
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3. 813 = (sﬁ) (81%) (812> = (3)(3)(3) = 27. Alternatively 81% = /315 = /531441 = 27

n
If we take m = n in (2), we get an = (a%) . Since an = a' = a, we conclude that

This is in perfect agreement with the definition of aw as the number one has to raise to power n to get a.
The result may also be written as ({/a)" = a
Laws of Radicals:

1. If {/a is defined then ({/a)" = a.
Example: (\/3)2 =3 and (\3/—27)3 = 27
2. If /a and /b are defined then Vab= /a /b



Examples: v/4 x 25 = V425 =2 x5=10
VR = R W = B VI=2(V1)
V600 = V4 x 6 x 25 = V46125 = 10v/6

3. If {/a and /b are defined and b is not 0 then % = g.

8
21 21 3

Example: {
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4. If m and n are positive integers and a is positive then (a%) " = gmn This may also be written as
N a = "/a.
Example: v/ v/64 = v/ V64 = PX/64 = v/26 = 2.

CAUTION: Whereas the law /ab = {/a /b is true for products, IT IS NOT TRUE
for sums or differences as indicated below:

V16 +9 # V16 + V9
since the left hand side is v/25 which is 5, while the right hand side is 4 + 3 which is 7.

V169 — 25 # V169 — V25
since the left hand side is /144 which equals 12 while the right hand side is 13 — 5 which
equals 8.

5. If a and b are positive numbers then (\/5 + \/B) (f — \/5) = a — b. This may be used to rationalize
numerators of denominators.

Example 4 The following illustrate how we may simplify radicals. For simplicity, assume that all the
variables are positive.

1. V40 = 8 x 5= V8V5=2%5

2. P = vt = V= (V)
3. alyP = Vat\ /P = 22 /yPy = 2%y (V)

6. 4v24 — /54 =4I X 6 — /I X 6 = 4 x 2/6 — 3v/6 = 8/6 — 3v6 = 56
32x1y326 \/>\/>\/>\/> (4V2) (2%) (yyw) (2°)  da?yz® [2y

7. = =7
2702 N 3v3 (1) sw V3
8. /522y5+/827y = /532y (4) (2) 262y = 22%y?\/T0zy
2
9. 27% = (27%) —(3°=9
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Example 5 To rationalize the denominator of S
VT+V2
To make use of Law 5, multiply the numerator and denominator of the given expression by (\ﬁ — \/5)
The result is
3 3 VT-VE_BVI-VD)B(WT-D)
Vi+vE T+ ViR 70 5
3 3(VT—V2)
VT+V2 5

Thus and the right hand side has a rational denominator.

TR V3

Example 6 To rationalize the numerator of ————

Multiply the numerator and denominator by v/x + h + v/z. The result is
\/1:+ Ve _ Vrth-Vr Vethtyr = wth-z
h Vath+a h(Vz+h+ z)
h B 1
h(Ve+h+yvz) Vet+th+z

The numerator is now rational.
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Example 7 To rationalize the denominator of —:

VT

Multiply the numerator and denominator by /T (to get \/T\/7 in the denominator). The result is

1L VT VT VT

ViTVE VR T

7
The denominator of - is rational.

Example 8 To rationalize the denominator of —:
VY

Multiply the numerator and denominator by /y* (to get (\5/@ (\5/y4) = /y® in the denominator).
The result is

v (\5/37)(5@/4) VS
Exercise 9

1. Simplify:
(a) (SxS) ( %) (b) (—433%) (796%) (c) (—696%) (23:%>

(d) 3 (") * (e)
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(9) *Pa= 152 (h) 642/3 — 25 (i) 5 + (o



2. Reuwrite the following expressions by changing to rational exponents:
(a) V2% (b) Vb (c) \/(z+y)°
(@) \Ja+ /¥ () @-y' () VPP

3. Rewrite the following expressions by changing to radicals:

(a) 152°/2 ) (1y)"? (c) 12 — z°/3

(@ (12-2%)°° ) mts(p) (21)

4. Simplify the following expressions and rationalize the denominator if it is not rational:

R 1
(a) VBT (b) /=64 ) 55

(d) % (¢) /25552 () /2T

SCS 7
(9) { 5503 (h) /Gy ) (i) /327y /1207

(243000) (0.008)

() V4/8+3 (k) /2793 (1) \/ o

(m) V108 — 332 (n) V/V/64+ /729 (0) VA4 + V99 + V176
{7? V128 /36

(p) /144 + 25 (q) 28243 —6/=72  (r)

BV
. Use a calculator to evaluate each exponent to 4 decimal places.
(a) 15.9112 (b) 7.987%7 (c) 160.20-45
(d) 9.845/3 (e) 273/4 (f) 1.0283

. The distance D (in miles) that can be seen, on a clear day, from the top of a high rise building of height
H (in feet) is approzimately computed by the formula

D=12VH

Find the distance that can be seen on a clear day from the top of the Empire State building, which is
approximately 1390 feet.

. The body surface area (S) of a person weighing W pounds and H inches tall can be approximates by
the formula
S = (0.1091) WO-425 {10725,

Find the surface area of a person 5 feet tall, weighing 180 pounds.

. The body-mass index B for a person weighing W pounds and who is H inches tall can be determined
T03W
by the formula B = ———

5—- Determine the body-mass index of a person who weighs 230 pounds and is
6 ft. 5in. tall



