Information Provided by Derivatives

We start with a number of "new" terms. We assume that all the functions in this section are differentiable.

e We say that a function f is increasing on an interval [a,b] if its values get bigger as the independent
variable = increases. Thus f is increasing if a < x1 < x2 < b implies that f(x1) < f(z2).

Example 1 Let f(x) = 3z —1. It graph is given below. It is increasing on any interval [a,b]. For if x1 < xo
then 3x1 < 3xq, therefore 3x1 — 1 < 3xo — 1. In other words, if 1 < xo then f(x1) < f(x2).
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Example 2 The function f(x) = x? — 2, x > 0 is increasing on any interval [a,b] with a > 0. To see this,
take any x1 and xo with 0 < x1 < x5. Then

fx2) = f(z1) = 23 — 21 = (w2 — 21) (T2 + 21)

Since (xe + x1) > 0, because it is a sum of two positive numbers, and (xo — x1) > 0 because 1 < x4, their
product (xo — x1) (x2 + x1) must be positive. This proves that f(x1) < f(x2).
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Example 3 The function f(z) = 2®+5 is increasing on any interval [a,b]. To see this take any two numbers
x1 and xo with x1 < x9. Then

f(w3) = f(21) = 2% — 2% = (w2 — 31) (83 + 213 + 22)
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Note that x3 + w129 + 27 = %(:cl + x2)2 + %x% + %x%, therefore it cannot be negative. It follows that

(z2 — 1) (23 + 2122 + 27) is non-negative which proves that f(z1) < f(x2).

The graphs in examples 1, 2 and 3 are all "forward-leaning", so they have tangents with nonnegative
slopes. This is another way of saying that they have non-negative derivatives. In general, if a function f is
increasing on an interval then the quotient

flz+h) - f(z)
h



flz+h) - f(z)
h

is also true; that if the derivative of a function is positive on an interval then the function is increasing on
the interval. This will be proved using the Mean Value Theorem. Therefore, to show that a given function
f is increasing on an interval [a, b], simply Show that f’(z) is never negative on [a,b].

cannot be negative. This implies that %m% , which is f’(z), cannot be negative. The converse

A decreasing function has the opposite properties; its values decrease as the independent variable in-
creases. More precisely:

e A function g(x) is decreasing on an interval [a,b] if g(xz2) < g(x1) whenever a < xq < x2 <.

Example 4 Let g(z) =4 — 2%, Then g(z2) — g(z1) = — (22 — x1) (23 + z122 + 2}) which is negative when
x1 < xo. This proves that g is decreasing on any interval [a,b].
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Example 5 f(z) = 22 — 2 is decreasing on any interval [a,b] with b < 0. For let z1 < z2 < 0. Then
f(z2) — f(x1) = (w2 — 1) (x2 + x1) 48 negative because it is a product of a positive number xs — x1 and a
negative number x1 + x2. It follows that f(x2) < f(xz1).
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Examples 4 and 5 show that if a function is decreasing on a given interval then its graph is "back-
leaning", suggesting that its derivative cannot be positive. It will also be proved that if the derivative of a
given function is negative on an interval then the function is decreasing on the interval. Therefore, to show
that a function f is decreasing on an interval [a, b], simply Show that f/(z) is never positive on [a,b].

e We say that a number c is a point of relative minimum for a given function f if the graph of f
near (c, f(c)) resembles a right-side up bowel.

Example 6 Let f(z) = 2®>+4x+5. Its graph near c = —2 resembles a right-side up bowel, therefore c = —2
is a point of relative minimum for f.
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Remark 7 The term "relative minimum for f" is used to point out that the values of f at all near-by points
x are bigger than its value at c. As the graph in Example 6 shows, f(x) is decreasing to the immediate left



of ¢, and it is increasing to the immediate right of c. Therefore f'(x) is negative at all near-by points x to
the left of ¢ and it is positive at the near-by points x to the right of c. At the point c itself, f'(c) = 0.

DN

5 4 3 -2 -1 0 5 4 3 -2 -1 0 5 4 -3 -2 -1
Negative slope to the left Zero slope at the point  Positive slope to the right

e We say that a number c¢ is a point of relative maximum for a given function f if the graph of f
near (¢, f(c)) resembles an upside-down bowel.

Example 8 Let f(z) = —2+ 2z — 2%, Its graph near ¢ = 1 resembles an upside-down bowel, therefore ¢ = 1
is a point of relative mazimum for f.

Remark 9 The term "relative mazximum" is used to point out that the values of f at all near-by points x
are smaller than its value at c. As the graph in Example 8 shows, f(x) is increasing to the immediate left of
¢, and it is decreasing to the immediate right of c. Therefore f'(x) is positive at all near-by points = to the
left of ¢ and it is negative at the near-by points x to the right of c. At the point ¢ itself, f'(c) = 0.
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We define points of relative maximum/minimum without reference to graphs as follows:
Definition 10 Let f be a given function and c be a point in its domain.

1. We say that c is a point of relative maximum for f if there is an open interval (a,b) containing ¢ such

that f(x) < f(c) for all x in (a,b).

2. We say that c is a point of relative minimum for f if there is an open interval (a,b) containing ¢ such
that f(x) > f(c) for all x in (a,b).

Every maximization (minimization) problem we have solved so far came down to determining a point
of relative maximum (minimum) for some function f. We did this by determining the numbers ¢ such that
f'(¢) = 0. The technical term for such a number is a critical point of f. More precisely;

e A critical point for a given function f is a number ¢ such that f'(c) = 0.

In particular, a point of relative maximum for a differentiable function f is a critical point of f, and so is
any point of relative minimum. But, as the examples below show, a function can have a critical point that
is neither a point of relative minimum nor a point of relative maximum.



Example 11 Let f(z) = (z —2)°. Then f'(z) = 3 (x — 2)® which is zero when © = 2. As its graph below
shows, ¢ = 2 is a critical point of f that is neither a point of relative mazximum nor a point of relative
minimum.

Example 12 Let h(z) = (z+ 1) (x — 1) —= 1 = 2* + 22% — 22 — 2. Then
W (z) =42’ 4 622 —2 = 2(x +1)*(2z — 1).

Therefore h has critical points ¢y = —1 and ¢ = % It should be clear from the graph below that ¢y is neither
a point of relative mazimum nor a point of relative minimum for h.

The following are steps you may follow to locate the critical points of a given function f and establish
their nature without first drawing its graph:

e Step 1: Solve the equation f'(x) =0. The solutions (if any), are the critical points ¢ of f.

e Step 2: For each critical point ¢, do the following: (i) Pick a point x1 to the left of c. If there are
other critical points of f to the left of ¢ then x1 must be a point between ¢ and the next critical point
to the left of c. (ii) Pick a point xs to the right of c. If there are other critical points of f to the
right of ¢ then xo must be a point between c and the next critical point to the right of c. Now evaluate

f'(z1) and f'(x2).

If f/(x1) >0 and f'(z2) < 0 then c is a point of relative mazimum.
If f/(x1) <0 and f/'(z2) > 0 then c is a point of relative minimum.

If f'(x1) and f'(x2) have the same sign then c is neither a point of relative maximum nor a
point of relative minimum for f.

Example 13 Consider h(z) = z* + 223 — 22 — 2 in Ezample 12. We found that W (z) = 423 + 622 — 2 =
2(z +1)%(2z — 1). Its critical points are c; = —1 and cs = 3. To establish the nature of c¢1 we evaluate b’
at a convenient point x1 to left of —1 and a convenient point xo between —1 and % We may take x1 = —2
and xo = 0. Since h'(—2) = —4 and h'(0) = —2 which are both negative, c1 is neither a point of relative
mazimum nor a point of relative minimum. In the case of co = %, we may take x3 = 1 to the right of %
We already have x2 = 0 to the left 5. Since h'(1) = 4 which is positive, and h'(0) is negative, c; must be a
point of relative minimum.

A visual method which is particularly useful when one is dealing with a function with many critical points,
is to draw a table that shows how the sign of the derivative changes on the different intervals determined by
the critical points of the given function. In the case of h(z) = 2* + 423 — 2z — 2 of Example 12, the intervals
are (—oo, —1), (—1, 3) and (4,00). They are listed in the first row of the table below. The second and third
rows show the signs of the factors 2 (z + 1) and (2z — 2) of h/ () on these intervals. The fourth row shows
the sign of h/(z) = 2(x + 1)2(2x — 1), and the last row shows the way the graph leans on each interval.



For example, on the interval z < —1, the derivative of h is negative, therefore its graph leans backwards as
indicated by the left-leaning line segment \ .

< —1 rz=—1 —1<x<% x:% %<33

2(z +1)? + 4+ ++ 0 4+ + + + 4+ ++
(2z—1) ———- - e 0 ++++
2w +1)2(2z—1) ———- 0 === 0 + o+t

Shape of graph —

It is now clear that ¢y = —1 is neither a point of relative maximum nor a point of relative minimum, and

co = % is a point of relative minimum.
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Example 14 Consider f(z) = 2* — bz + 1. Its deriative is f'(x) = 2z — 5 = 0, which is zero when x = 3.
This is its only critical point. Since f'(x) is negative when x < g and is positive when x > g, it follows that
c= % s a point of relative minimum for f.

Example 15 Let f(z) = 32° — 52® + 3. Its derivative is f'(z) = 152* — 1522 = 152% (x — 1) (x + 1). Its
critical points are c; = —1, co = 0 and c¢3 = 1. The table below shows how the sign of f'(x) changes on the
different intervals (—oo, —1), (—=1,0), (0,1) and (1,00) determined by the critical points.

r<—-1 z=-1 -1<z<0 zz=0 0O<z<l z=1 1<z

1522 +++ + ++++ 0 + 4+ ++ + 4+
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(z+1) ——— 0 ++ ++ + +HHt + 4+t
h'(z)
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It follows from the last row that ¢y = —1 is a point of relative maximum, co = 0 is neither a point of relative

mazimum nor a point of relative minimum, and cs = 1 is a point of relative minimum. The values of f at
its critical points are f(—=1) =5, f(0) = 3 and f(1) = 1. This information, plus the last row of the above



table suggest that the graph of f has the shape shown below. It is called a sketch of the graph of f.

A sketch of the graph of f

Exercise 16

1. In (a) to (¢), the formula of a function f and its graph are given. Use the graph to estimate its critical
points then determine their exact values by solving an appropriate equation. Also state the nature of
each critical point.

(a) f(x) =23 +22 -8z +5
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(b) f(z) =4+ 18z + 322 — 223

(c) f(x) =2+ z*— 323
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2. In Ezample 15, we determined the critical points of the function f(x) = 3z° — 523 + 3, established their

nature, then gave a sketch of its graph. Do the same for each of the following functions:

a. f(x) =23 -27x +1 b. g(x) =23 — 22 =8z +9

c. h(z) =23 —-322+32+5 d. v(z) = (2 9x)° , (5 critical points).
e. f(z)=+va3—122z+25 fou(z) = 2% — 3243 42, (3 critical points).
g. w(z) = /8 + 2z — 22, h. f(z) =2t — 1022

i. glx) =€ —x J- h(m):x—i—cosx 0<z<2r

k. u(z) =3z —sinz, —r<z<2rm l. w(z) =ze

3. In this exercise you have to determine the shortest distance from the point P (0,3) to the parabola
y = 2.
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A point on the parabola has the form(z,2%). Denote its distance from (0,3) by D(xz). Then

D(z) = 332+(x2—3)2 =+vz*—522+9

Therefore you have to find the smallest possible value of Vx* — 522 +9 as x varies among the real
numbers. To avoid the square root, note that it is sufficient to determine the smallest value of (D(z))* =
x* — 522 + 9. Denote it by s. The required number is \/s. Determine the three critical points of
f(x) = x* — 52?2 + 9, establish their nature then describe how D(z) changes with x, and find the

required distance.

. Let a < b and R be the region enclosed by the graph of f(x) = — (x — a) (x — b), (a parabola), and the
x-axis. Let a < x < ‘1'2”’ A rectangle is drawn inside R with one vertical side through (x,0) and the

other vertical side through (z,0) as shown below.
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(a) Show that z = a+ b — x and that the area A(x) of the rectangle is
Alz)=(x—a)(x—b) (2 —a—1D)

(b) Take a =0 and b = 4 and determine the critical points of the resulting function. Also establish
the nature of each critical point then describe how the area changes as x changes from 0 to 2.
What is its maximum value?



5. Consider the sum of a non-zero number and its reciprocal. Of course the sum depends on the number

you choose. For example, the sum of 5 and its reciprocal % is 5.2, whereas the sum of 10 and its

reciprocal is 10.1. Find a positive number x such that the sum of x and its reciprocal is as small as

possible.



