1. Complete the table

Math 154 review for Final Examination
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3. Let f(z) = 2% — 422 and g(z) = = — 4. Their graphs are given below
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(a) Show that the graphs of f and g intersect at points where x = —1, z = 1 and = = 4.

Solution: Where the two graphs intersect, 3

23 —42% = x — 4. The left hand side of the
equation factors as 2% (x — 4). Therefore

2 (z—4)=(x—4) Ie. 2*(z—4)—(z—4)=0, which is equivalent to (z* — 1) (z —4) =0

This may be factored as (x — 1) (z + 1) (z — 4) = 0. Therefore, where they intersect, z = —1
orz=1lorz=4

(b) Calculate the area enclosed by the two graphs.

Solution: On the interval [—1, 1], the graph of f is above the graph of g, therefore the area
they enclose on this interval is



On the interval [1,4], the graph of g is above the graph of f, therefore the area they enclose
on this interval is
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4. Show that substituting « = 1 + 2?2 in the definite integral /:cS\/l + z2dx gives
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Solution: Let u =1+ z2. Then d—u = 2z, therefore dz = Q—u It follows that
T T

2oV 1 + 22dx = 335\/12% = x4\/ﬂd§
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To replace z in the expression x‘ﬂ/ﬂ;, use the substitution equation u = 1422 determine 2*

in terms of. Since u = 1422, it follows that 2 = (u—1), therefore z* = (u — 1)* = u2—2u+1.
We get 2°V/1 + 22dz = (u? — 2u + 1) \/udu which implies that
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To evaluate the definite integral / 2°v/1 + x2dx, use the above substitution. When z = 0,
0
u =1 and when z = \/3, u = 4. Therefore
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5. You have to evaluate the definite integral / 22 sin 2zdx
0
22 cos 2z
a) Use integration by parts to show that [ x?sin2zxdrz = —=——" + | zcos2zdz.
(a) g Yy p 5

Solution: Using the integration by parts formula in the form /f(cc)g/(x)dx = f(z)g(z) —
/g'(m)f(m)dx to /x2 sin 2zdx, take f(z) = 2% and ¢'(x) = sin2z. Then f'(z) = 2z and
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g(z) = —0052 . Therefore
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/x2 sin 2zdz = (2?) <_0052 ac) —/ (_0052 x) [2z] dz = —w + /xcostdac.

Applying the formula to /x cos 2zdz, take f(x) = z and ¢'(x) = cos2z. Then f/'(z) =1 and

/ T cos 2xdx =

in 2
g(z) = 51n2 . Therefore




sin 2 sin 2
(b) Use another integration by parts to show that /ac cos 2zdy = o=t / nar

2 2
Solution: To apply the formula to /x cos 2xdx, take f(x) = x and ¢'(x) = cos2z. Then

in 2
f'(z) =1 and g(z) = s1n2 . Therefore
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It follows that
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(c) Finally, evaluate / 22 sin 2xdx
0

Solution:
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2 3 1 2712 + 631 — 27
= X (0+4+0+4131)= ™+ 63
36 12 8 72
6. Y iven the function f(z) 2
. re given nction =—.
ou are given the function f(x @t
(a) Split 2 int tial fractions then show that
a it ——— into partial fractions then show tha
P z(z+2) P
/ 2 4 T n
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) 2 A B . .
Solution: — = —+ Multiply each term by x (x + 2) to clear fractions.

z(x+2) =z (z+2)
The result is
2=A(zx+2)+ Bz

Substituting x = 0 gives 2 = 2A, therefore A = 1. Substituting x = —2 gives 2 = —2B,
2 1 1

therefore B = —1. The conclusion is that ——— = — — ———— therefore
z(z+2) =z (z+2)
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7. You are required to evaluate the definite integral / ——dx
d & 0o V16 — 22

/6
(a) Show that substituting x = 4sin 6 into / ————dx gives 16/ sin? 0df.
0

V16 — 22
dx
Solution: Let x = 4sinf. Then ¥l =4cos 6 and so dx = 4 cos0df. Therefore
a?dz (16sin®6) (4 cos ade) _ (645in”0) (cosfdf) _ (64sin” ) (cos 0do)
V16 — 2 /16 — 16sin? /16(1 — sin®6) \/16 cos? 0)
64 sin? 0) (4 cos 0df
(645in"6) (dcos0d0) _ 2 g
4 cosf

When z = 0, then 0 = 4sin 6. This implies that sinf = 0 and so # = 0. When z = 2, then
2 = 4sin#. This implies that sinf = % and so 0 = ¢. Now the integral becomes
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/ V16 — z2 0 0
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(b) Now show that / m =5~ 2v/3.
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8. Show that substituting v = 3z + 1 into / dz gives / du then evaluate the definite
: Nerrn il Vi
integral
/ T g
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. du du . .
(a) Solution: Let v = 3z + 1. Then pri 3 and so dzr = 5 Solving for z using the
x

-1
substitution equation 3z + 1 = u gives x = UT It follows that
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When x = 0, then v = 1 and when = = 5, then v = 16. Therefore the definite integral
becomes
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9. The figure below shows the region R enclosed by the graph of f(x) = 2%+ 2, the x-axis, the y-axis and
the line = 2. Sketch, to the right of the figure, the solid obtained by rotating R about the x-axis

through four right angles, then calculate its volume.

5

] T . R-. N .
0.0 o 1 - 10 1
(a) Solution: The volume V of the solid is given by the formula
2 2 2 2
V = 7r/ (a:2—|—2) da::ﬁ/ (x4+4x2+4) dx
0 0
v + Az + 4x " 376r cubic units
= m | — —_— =
5 3 .15

10. Let f(z) = %x3/2. Calculate the length of the graph of f between x =0 and = = 8.

(a) Solution: The length L of the graph is given by the formula
8 8 2 8
L = / 1+ (f(x))*da z/ \J1+ (aﬁ) dz :/ V1+ xdr
0 0 0
= gu+m%8—g@%—2m%——7mm
- [3 0 3 3 B
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11. Show that substituting z = tanw into /ﬁdax gives / v /cos2 udu then evaluate the
(1+22) sec? u

definite integral
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(a) Solution: Let z = tanwu. Then d—m = sec?u and so dx = sec? udu and
U
1 sec? udu sec?udu  sec? udu du 9
sdr = 5 = 5 = T = —5— = cos udu
(1 + 552) (1 + tan? u) (sec2 u) sec* u sec” u

Thus the substitution changes the integral into cos?udu . When x = 0, then tanu = 0

When = 1 then tanu = 1 and so u = T. Therefore the definite integral

and so u = 0. .
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1
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12. You are given the definite integral / e~ 2% dy. (This was a quiz problem.)
0



(a) Estimate it using the trapezoidal rule with n = 8.
(b) Estimate it using Simpson’s rule with n = 8.

(c) Estimate it using the midpoint rule, with n = 8.

13. Let f(z) = 2/x.
(a) Show that ( 1+ [f’(a:)]2> flz) =2z + 1.

Solution: Since f(z) = 22, it follows that f’(x) = 2 (%x,%> _ %, therefore
() - (o D)os-om 2

~ (2v3) Vgl —2/aT1

(b) Determine the area of the surface generated when the graph of f between z = 0 and = = 3 is
rotated about the x - axis through 4 right angles.

Solution: The area A of the surface generated is given by the formula

+ 3
/03 ( ! [f’(a?)]2> f(x)de = /032\/907 + 1dx = [;1 (z + 1)3} 0
g - é = § square units.
3 3 3
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14. You are given the rational function f(z) = CErEE)
T x

B 1
(a) Split it into partial fractions then show that @+ D) + 5219 =In 2927—:— 3‘ +c.
) 1 A . .
Solution: = + . To clear fractions, multiply every term

(z+1)(2x+3) (z+1) (2z+3)
by (z + 1) (2z + 3). The result is

1=AQR2z+3)+B(z+1)

Substituting z = —1 gives 1 = A(—2+ 3) = A, therefore A = 1. Substituting z = —% gives
1 = B(—3), therefore B = —2. It follows that

1 1 2
(z+1)2z+3) (z+1) (2c+3)
1 1 2 .
hence = — . These are both log integrals because the
(x+1) 22+ 3) (x+1) (22 +3)

derivative of each denominator is the numerator. It follows that

/m N /(zin‘/(zxi?»)

Injz+1]—-Inj224+3|+¢c=1In

(b) Now show that /Ooo(x-i—l)d(an:—&—S) —In <;) “In (;) —In @)

rx+1
2¢+ 3

‘—&-c.



Solution: By definition /Ood—x is the limit of /Rd:v as R
St " Jo @+ 1) 2z +3) o @+1)(2z+3)
approaches oo. Thus
> dz . " 1 2 . z+1 1"
—————— = lim — dr = lim |ln

= lim (In ﬂ —ln1 =1In 1 —1In } =1In §
R—o0 2R+3 3 2 3 2
1
15. Use the substitution v = 1 4 322 to evaluate the definite integral / 231 4 3x2dzx.
0

d d
(a) Solution: Let u =1+ 3z%. Then d—u =6z and so dx = 6—u It follows that
x x

z3\/1 + 322dx = (azd\/ﬂ) g—z = x2%du

2

To replace x

-1
, we use the substitution formula u = 1 + 322. The result is 22 = <u )
Therefore

3

_q 3 1
23/ 1 + 322dx = (u ) Vudu = <M> du.

18 18

©u=0+1=1when z =0, and u =1+ 3 =4 when x = 1. Therefore the definite integral

becomes
1 (203 203\]"
(%))
1 /64 16 1 /2 2\ 116
= 18(5_3>_18<5_3>_270

16. Let f(z) = 2% + 1, for values of z between 0 and 3. Determine a number ¢ between 0 and 3 such that

the rectangle with base [0, 3] and height f(c) has the same area as the region R enclosed by the graph
of f, the x - axis and the two lines z = 0 and = = 3.
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Rectangle with same area asregion R

o

0 1 2 3 0 3
3 2 71 432

(a) Solution: The area of the region R is / (224 1)dx = {3 + x] =12 - 3= 73 The
0 0
. . . . 32 32

width of the rectangle is 3, therefore its height must be 3 +3= 9 Now we must find

32 32

a number ¢ between 0 and 3 where f(c) = 9 It must satisfy the equation z? +1 = 9



/132
Solving gives x = + 9 We must choose the positive value because c is between 0 and 3.

32
Therefore ¢ = 9
. 8 1
17. Use the substitution z = u> to evaluate — ) dx.
1 \z+al/3
d
a olution: et x =u’. en o _ 3u?, which implies that dz = 3u?du. It follows that
Sol L 3. Th 7
u
1 . 3u?du _ 3udu
x + xl/3 w34 u w41l

When 2 = 1, the substitution equation becomes 1 = w3, which implies that © = 1. When
x = 8, the equation becomes 8 = 42, which implies that u = 2. Therefore the integral becomes

/8 1 d_/23udu_3/2 2u_
1 \z+al/3 T 1u2+1_21u2+1u

Since the numerator is the derivative of the denominator, this is a log integral and

3% 2u 3 23 3 /5
S —du=|"In(®+1)| ==(n5—-1n2)==In(=
2/1 L [2n(u+ )L 2(115 n2) 2n<2)
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18. Use the substitution # = u? to evaluate / (1/2> dz. (The lower limit is changed to 4 to avoid
4 r—x

an undefined value of logarithm at 0.)

d
(a) Solution: Let 2 = u?. Then Then d—m = 2u, which implies that dz = 2udu. It follows
u
that
1 do — 2udu  2du
e 22) T @y T w1

When = = 1, the substitution equation gives 4 = u?, therefore v = 2. When = = 9, the
equation gives 9 = u? which implies that « = 3. Therefore the integral becomes

9 3 3
1 2 1
. dr= Yoo du=2In2—2Inl =1In4
4 x— xl/2 5 u—1 5 u—1

1 _
19. Let f(z) = - = (1—2)" "2 Show that
-
1 (1) B) 1) B)6) (n) (HB)B)---(2n-1)
/ _ e _ " — n _
(a) Solution: Take several derivatives and look out for a pattern.
1
20. Use the results of the above exercise to show that the Maclaurin series for f(z) = : is
-

= (1)(3)(5) - (20— 1)a"
1+ 2 ()
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21. Use the Maclaurin series for f(x) = in the above exercise to determine the Maclaurin series

Vi—z

1
for g(r) = ——, then deduce the Maclaurin series for h(x) = arcsinz.
o) = @)
(a) Solution: Replace = by t? in the above series to get

(20— 1)

V1—ﬂ 2; ") (n!)

Integrate both sides of the equation, (the variable is t), from 0 to . The result is

(20— 1)2n
= /(”Z T )‘”

-
= {arcsint} = arcsinz — 0 = arcsinz. The right hand
0

o1
The left hand side is / —dt
0o V1—1t2

side is

2n — 1) ¢2"
/<1+Z 2n(.) ) > -

t+Z

n=1

= (1)(3)(5) (20— 1) a2
T+ FRICHICE)

- (2n — 1) ¢3ntt
n!) (2n+ 1)

Therefore
(D) B)(B)---(2n = 1) a?*!
(27) (n!) (2n +1)

o0
arcsinx = x + E

n=1
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